We characterize numerical semigroups S with embedding dimension three attaining equality in the inequality max ∆(S)+2 ≤ c(S), where ∆(S) denotes the Delta set of S and c(S) denotes the catenary degree of S.
INTRODUCTION
It is well known that, for numerical semigroups, the maximum of the Delta set of the semigroup plus two is less than or equal to the catenary degree of the semigroup [15] , which in addition is smaller than or equal to the ω-primality [17] . The ω-primality is smaller than or equal to the tame degree of a numerical semigroup [16] . These inequalities relate several important nonunique factorization invariants, and hold for nonfactorial atomic monoids in general. It is also well known that if the presentation of the monoid is generic, then the catenary degree, the ω-primality and the tame degree coincide [2] . Also, for Krull monoids with finite class group and with prime divisors in all classes, we know that the maximum of the Delta set plus two coincides with the catenary degree in a large number of cases (see [14, Corollary 4.1] ), and we still do not know of any Krull monoid where strict inequality holds. In the present paper we show that numerical semigroups show a very different arithmetic behavior.
For numerical semigroups with embedding dimension three, we also know when the catenary degree equals the tame degree [13] , or when the tame degree and the ω-primality coincide [7] . In this manuscript we focus on the characterization of numerical semigroups with embedding dimension three for which the maximum of the Delta set plus two equals the catenary degree. As an easy exercise, we will also show when this equality holds for numerical semigroups generated by an arithmetic sequence.
It has been shown that the maximum of the Delta set of a numerical semigroup (actually any BF-monoid) is attained in one of its Betti elements [5] , and the same holds with the catenary degree [6] . Thus the strategy to seek for equality of the maximum of the Delta set plus two and the catenary degree, relies on the study of the sets of factorizations of the Betti elements in our semigroups. For embedding dimension three, these Betti elements are well known (see for instance [20, Chapter 9] ). For the case of numerical semigroups generated by arithmetic sequences, the result follows easily from the results obtained in [3] and [4] , for the Delta sets and catenary degrees of these semigroups, respectively.
PRELIMINARIES
Let N be the set of nonnegative integers. A numerical semigroup is a nonempty subset of N that is closed under addition, contains the zero element and whose complement in N is finite. Every numerical semigroup is finitely generated. If n 1 < · · · < n p are positive integers with gcd(n 1 , . . . , n p ) = 1, then the set {a 1 n 1 + · · · + a p n p | a 1 , . . . , a p ∈ N} is a numerical semigroup, say S, and every numerical semigroup is of this form. The integers n 1 , . . . , n p are generators of this numerical semigroup, and we write S = 〈n 1 , . . . , n p 〉. If there is no proper subset of {n 1 , . . . , n p } that generates S, then we say that S is minimally generated by {n 1 , . . . , n p }. The cardinality of a minimal system of generators of S is called the embedding dimension of S and we denote it by e(S), so with our notation e(S) = p.
From now on, let S be a numerical semigroup minimally generated by {n 1 , . . . , n p }. The following definitions and results can be found in [1] and [20] in more detail. The homomorphism
is the factorization homomorphism of S, and for s ∈ S, the set of factorizations of s in S is the set
Let us define the two nonunique factorization invariants on which this work is based. The first invariant measures how spread are the lengths of the factorizations of the elements of a numerical semigroup.
For a factorization x = (x 1 , . . . , x p ) ∈ Z(s), its length is
and the set of lengths of factorizations of s is
The set of lengths of factorizations of an element in a numerical semigroup is finite. Furthermore, if S = N, then there will always be elements with more than one length. Assume that L(s) = {l 1 < · · · < l k }. The Delta set of s is the set
The second invariant we consider in this manuscript, the catenary degree, deals with the distances between factorizations of an element in the numerical semigroup. Let x = (x 1 , . . . , x p ), y = (y 1 , . . . , x p ) ∈ N p be two factorizations and let
x ∧ y = (min{x 1 , y 1 }, . . . , min{x p , y p }) be their common part. The distance between x and y is
The catenary degree of s ∈ S, denoted c(s), is the least N ∈ N ∪ {∞} such that for any two factorizations x, y ∈ Z(s), there is an N -chain joining them. The catenary degree of S, denoted c(S), is
From [1, Theorem 11], we have the following inequality between the invariants defined above: max(∆(S)) + 2 ≤ c(S).
The complement of S in N is called the set of gaps of S, denoted G(S) = N\S, and its cardinality is called the genus of S, denoted g(S). We set F(S) = max(Z\S) and we call it the Frobenius number of S. The multiplicity of S is the smallest nonzero element of S and we denote it by m(S), so m(S) = n 1 .
For a set X ⊆ N, let X * denote X \{0}. For a rational number x, let ⌈x⌉ denote the least integer greater than or equal to x, and let ⌊x⌋ denote the greatest integer less than or equal to x.
We say that x ∈ Z is a pseudo-Frobenius number if x ∉ S and x + s ∈ S for all s ∈ S * , and denote by PF(S) the set of these numbers.
A numerical semigroup is irreducible if it cannot be expressed as the intersection of two proper over numerical semigroups (with respect to inclusion). It turns out that irreducibility and maximality in the set of numerical semigroups with fixed Frobenius number coincide. We distinguish two cases depending of the parity of the Frobenius number. A numerical semigroup S is symmetric (respectively, pseudo-symmetric) if S is irreducible and F(S) is odd (respectively, even).
It is well known (see for instance [20, Chapter 3] ) that a numerical semigroup S is symmetric if and only if g(S) = (F(S) + 1)/2, and this is equivalent to PF(S) = {F(S)}. Also, S is pseudo-symmetric if and only if g(S) = (F(S) + 2)/2, or equivalently, PF(S) = {F(S), F(S)/2}.
A way to construct symmetric numerical semigroups is by gluing symmetric numerical semigroups. Let S 1 and S 2 be two numerical semigroups minimally generated by {n 1 , . . . , n r } and {n r +1 , . . . , n e }, respectively. Let λ ∈ S 1 \{n 1 , . . . , n r } and µ ∈ S 2 \ {n r +1 , . . . , n e } be such that gcd(λ, µ) = 1. We say that the numerical semigroup S = 〈µn 1 , . . . , µn r , λn r +1 , . . . , λn e 〉 is a gluing of S 1 and S 2 . If S 1 and S 2 are symmetric, then any gluing of S 1 and S 2 is also symmetric (see for instance [20, Chapter 8] ).
We define the graph ∇ s associated to s ∈ S to be the graph whose set of vertices is Z(s) and ab is an edge if a · b = 0 (dot product), that is, there exists i ∈ {1, . . . , p} such that a i , b i = 0.
We say that two factorizations a and b of s are R-related, and we write aRb or (a, b) ∈ R, if they belong to the same connected component of ∇ s , that is, there exists a chain of factorizations a 1 , . . . , a t ∈ Z(s) such that
We say that s ∈ S is a Betti element if ∇ s is not connected. The set of Betti elements of S is denoted by Betti(S). From these elements one can obtain all minimal presentations of S. A presentation for S is a system of generators of the kernel congruence of the factorization homomorphism π ((x, y) ∈ ker π if π(x) = π(y)). A minimal presentation is a presentation that cannot be refined to another presentation, that is, any of its proper subsets is no longer a presentation (see for instance [20, Chapter 7] ).
In order to obtain a presentation for S we only need, for every s ∈ Betti(S) and every connected component R, to choose a factorization x and pairs (x, y) such that every two connected components of ∇ s are connected by a sequence of these factorizations in a way that the pairs of adjacent elements in the sequence are either the ones selected or their symmetry. The least possible number of edges that we need is when we choose the pairs so that we obtain a tree connecting all connected components. Thus, the least possible number of pairs for every s ∈ Betti(S) is the number of connected components of ∇ s minus one [1, Theorem 5] . Thus, the cardinality of any minimal presentation of S equals s∈S (nc(∇ s ) − 1), where nc(∇ s ) is the number of connected components of ∇ s [1, Corollary 20] , and this cardinality is finite as the set of Betti elements of a numerical semigroup is finite.
Also, the cardinality of a minimal presentation for S is greater than or equal to e(S)−1 [20, Theorem 8.6] . It is said that S is a complete intersection if the cardinality of any of its minimal presentations equals e(S) − 1, that is, that S can be described with the least possible number of relators.
For
We say that a presentation σ of S is generic if σ is minimal and for all (x, y) ∈ σ we have Supp(x+y) = {1, . . . , p}. From [2, Proposition 5.5], we have the uniqueness of generic presentations.
The following results, that are [1, Theorem 9, Theorem 10], show how minimal presentations, or Betti elements, are key tools to obtain the invariants max(∆(S)) and c(S).
Theorem 2.1. Let S be a numerical semigroup. Then
max(∆(S)) = max{max(∆(b)) | b ∈ Betti(S)}.
Theorem 2.2. Let S be a numerical semigroup. Then
Now, we see how the catenary degree can be computed from the factorizations of the Betti elements.
Let s ∈ S and let R s Example 2.4. Let us see an example of numerical semigroups attaining equality in the inequality max(∆(S)) + 2 ≤ c(S). Let S be a numerical semigroup generated by an arithmetic sequence, that is, S = 〈n, n + k, . . . , n + t k〉 with 1 ≤ t < n and gcd(n, k) = 1. For this type of numerical semigroups, we know the Delta set [3, Proposition 3.9] and the catenary degree [4, Theorem 14] :
For example, if n = 4, k = 2 and t = 2, then S = 〈7, 9, 11, 13, 15〉 fulfills 2
We have max(∆(S))+2 = c(S) if and only if k +2 = n t +k. Equivalently, n t = 2. If we have three generators (t = 2), this is equivalent to n 1 ∈ {3, 4}.
NUMERICAL SEMIGROUPS WITH EMBEDDING DIMENSION THREE
We are going to characterize numerical semigroups S with embedding dimension three attaining equality in the inequality max(∆(S))+2 ≤ c(S), to which we will refer as "S has minimal catenary degree". The experiments that led to our results were performed using the numerical semigroups package numericalsgps [8] for GAP [9] . The examples in this section can be reproduced in the following repository https://github.com/helenahmc/Examples-min-cat-deg.
So let S = 〈n 1 , n 2 , n 3 〉, with 2 < n 1 < n 2 < n 3 , be a numerical semigroup with embedding dimension three. Given {i , j , k} = {1, 2, 3}, define
Then there exist some r i j , r ik ∈ N such that (1) c i n i = r i j n j + r ik n k .
From [20, Example 7 .23], we know that
Let us give some properties in terms of the parameters already given. First, the following theorem is a consequence of some results that Herzog proved in [18] . Theorem 3.1. Let S be a numerical semigroup with embedding dimension three, and let r i j be as defined in (1), for all i , j ∈ {1, 2, 3}.
(1) S is a complete intersection if and only if it is symmetric.
(2) S is symmetric if and only if there exist i , j ∈ {1, 2, 3} such that r i j = 0.
(3) If S is nonsymmetric, then the integers r i j , r ik are positive and unique.
Note that the uniqueness of the integers r i j , r ik in nonsymmetric case can be obtained as a consequence of the uniqueness of generic presentations [ 
Let us go back to (2) . Then, S is nonsymmetric if and only if #Betti(S) = 3 (Theorem 3.1) or, equivalently, S has a generic presentation.
In order to compute the maximum of the Delta set and the catenary degree, we distinguish three cases depending on whether #Betti(S) is one, two or three. In each case, we will also study when S has minimal catenary degree.
A single Betti element.
If S has a single Betti element, that is, Betti(S) = {h = c 1 n 1 = c 2 n 2 = c 3 n 3 }, the catenary degree of S is reached in h (Theorem 2.2), so c(S) = c(h). As S is a complete intersection (a minimal presentation has only two relators), Z(h) = {(c 1 , 0, 0), (0, c 2 , 0), (0, 0, c 3 )}. Thus, c(h) = max{c 1 , c 2 , c 3 } = c 1 (n 1 < n 2 < n 3 and c 1 n 1 = c 2 n 2 = c 3 n 3 implies c 1 > c 2 > c 3 ). By [12, Theorem 12] , we have a characterization of this type of numerical semigroups. There exist p 1 > p 2 > p 3 pairwise relatively prime integers greater than one such that n 1 = p 2 p 3 , n 2 = p 1 p 3 , n 3 = p 1 p 2 and c 1 = p 1 , c 2 = p 2 , c 3 = p 3 .
Let us study when S has minimal catenary degree.
• Suppose that max(∆(S)) = c 2 −c 3 . Then max(∆(S))+2 = c(S) if and only if c 1 +c 3 − c 2 = 2. If c 3 = 2, this is a contradiction, because it implies that c 1 = c 2 . Otherwise, it is also a contradiction because the c i are odd.
• If max(∆(S)) = c 1 −c 2 , then max(∆(S))+2 = c(S) if and only if c 2 = 2, which is also a contradiction, because 2 = c 2 = p 2 > p 3 = c 3 , and the integers p i are greater than one.
Theorem 3.5. Let S be a numerical semigroup with embedding dimension three and a single Betti element. Then max(∆(S)) + 2 < c(S).
Two Betti elements.
If S has two Betti elements, then S is symmetric. We know exactly how symmetric numerical semigroups with embedding dimension three are thanks to the following result. In virtue of [11] and using the notation in Theorem 3.6, we have We distinguish five cases depending on the position of a in L(a(bm 1 We To sum up, if S verifies
then S has minimal catenary degree. For example, if m 1 = 2, m 2 = 5, b = 1, c = 3, a = 2, that is, S = 〈4, 10, 17〉, then ∆(S) = {1, 2, 3} and c(S) = 5. 
then S has minimal catenary degree.
As an example, take m Finally, we summarize the results for two Betti elements in the following theorem. Theorem 3.7. Let S be a numerical semigroup with embedding dimension three. Assume that S has two Betti elements, and consequently there exist two relatively prime integers m 1 and m 2 greater than one, with m 1 < m 2 , and a, b, and c nonnegative integers with a ≥ 2, b +c ≥ 2 and gcd(a, bm 1 +cm 2 ) = 1 such that S = 〈am 1 , am 2 , bm 1 +cm 2 〉. We have max(∆(S)) + 2 = c(S) if and only if either
Example 3.8. Let us go back to Example 2.4, with n 1 = 4 and t = 2, that is S = 〈4, 4 + k, 4+2k〉. We already know that max(∆(S))+2 = c(S) = k +2. Notice S = 〈4, 4+k, 4+2k〉 = 2〈2, 2 + k〉 + (4 + k)N is a gluing of S 1 = 〈2, 2 + k〉 and S 2 = N = 〈1〉 by taking λ = 4 + k ∈ S 1 \{2, 2 + k} and µ = 2 ∈ N\{1} (gcd(λ, µ) = gcd(2, k) = 1). Since S 1 and S 2 are symmetric, so is S. A a minimal presentation for S is {((2 + k, 0, 0), (0, 0, 2)), ((0, 2, 0), (1, 0, 1))} (see [20, Chapter 8 ] to see how a presentation of S is obtained from S 1 and S 2 ). Hence Betti(S) = {8 + 2k, 8 + 4k}.
3.3. Three Betti elements. If S has three Betti elements, that is, S is nonsymmetric, then in virtue of [10] , we set
for every {i , j , k} = {1, 2, 3}. By Proposition 3.2, δ 1 = c 1 −r 12 −r 13 and δ 3 = r 31 +r 32 −c 3 . In light of [10] , we have (5) max(∆(S)) = max{δ 1 , δ 3 }.
Also, from [20, Example 7 .23], we know that S has a generic presentation. Thus [2, Corollary 5.8] is verified, and hence c(S) = max{c 1 , c 2 , c 3 , r 12 +r 13 , r 21 +r 23 , r 31 +r 32 }. Moreover, due to Proposition 3.2, we obtain the following:
(6) c(S) = max{c 1 , c 2 , r 21 + r 23 , r 31 + r 32 }.
We distinguish the cases depending on max(∆(S)) equals δ 1 or δ 3 , and take into account Proposition 3.2 (the r i j 's are positive).
1. Assume that c 1 − r 12 − r 13 > r 31 + r 32 − c 3 . This is equivalent to r 21 + r 31 − r 12 − r 13 > r 31 + r 32 − r 13 − r 23 , which means r 21 Thus max(∆(S)) + 2 = c(S) if and only if c 1 − r 12 − r 13 + 2 = r 21 + r 23 , that is, r 31 − r 12 − r 13 − r 23 + 2 = 0. Then we have r 21 +r 23 > c 2 , r 21 +r 23 ≥ c 1 , r 21 +r 23 ≥ r 31 +r 32 and r 31 −r 12 −c 3 +2 = 0. Observe that r 21 +r 23 ≥ c 1 = r 21 +r 31 if and only if r 23 ≥ r 31 , that is, r 31 −r 23 ≤ 0. We then have that r 31 −r 12 −r 13 −r 23 +2 = 0 is equivalent to r 31 = r 23 and r 12 = r 13 = 1. Also, r 21 Thus max(∆(S))+2 = c(S) if and only if r 31 +r 32 −c 3 +2 = c 2 , that is, r 31 −r 12 −c 3 + 2 = 0. Then we have c 2 ≥ r 21 + r 23 , c 2 ≥ c 1 , c 2 ≥ r 31 + r 32 and r 31 − r 12 − c 3 + 2 = 0. Note that r 12 + r 32 = c 2 ≥ r 31 + r 32 is equivalent to r 12 ≥ r 31 , that is, r 31 − r 12 ≤ 0. We then have r 31 − r 12 − c 3 + 2 = 0 if and only if r 31 = r 12 and c 3 = 2. Also, the condition c 2 ≥ r 21 + r 23 = r 21 + 1 is equivalent to c 2 ≥ r 21 + 1. Moreover, note that, if c 2 > c 1 , then the equality c 2 = r 21 + 1 cannot hold, because this would imply c 2 = r 21 + 1 ≤ r 21 + r 31 = c 1 , a contradiction. Observe that r 31 +r 32 = r 12 +r 32 = c 2 , so these conditions imply c 2 ≥ max{c 1 , r 31 + r 32 }.
Thus, if S verifies c 3 = 2, r 31 = r 12 and c 2 ≥ max{r 21 + 1, c 1 } (excluding the case c 2 > c 1 and c 2 = r 21 + 1), then S has minimal catenary degree. For example, if S = 〈4, 5, 7〉, we have c 3 = 2, 1 = r 31 = r 12 = 1, 3 = c 2 = max{r 21 Thus max(∆(S)) + 2 = c(S) if and only if r 31 + r 32 − c 3 + 2 = r 31 + r 32 , that is, c 3 = 2. Then we have c 2 ≥ r 21 + r 23 = r 21 + 1, c 3 = 2, r 31 + r 32 ≥ c 1 and r 31 + r 32 ≥ c 2 . As r 31 + r 32 ≥ c 1 = r 21 + r 31 , then r 32 ≥ r 21 . Thus, c 2 = r 12 + r 32 ≥ r 21 + 1 and we can forget about this last condition. To sum up, if S verifies c 3 = 2 and r 31 + r 32 ≥ max{c 1 , c 2 }, then S has minimal catenary degree. As an example, take S = 〈7, 11, 38〉. Then, c 3 = 2, 3 + 5 = r 31 + r 32 > c 1 = 7, 3 + 5 = r 31 + r 32 > c 2 = 6, ∆(S) = {1, . . . , 6} and c(S) = 8. Once distinguished the possible cases, note that (2a) and (2b) are particular cases of 2c. Finally, we gather the results for three Betti elements in the following theorem. Theorem 3.9. Let S be a numerical semigroup with embedding dimension three. Assume that S has three Betti elements (equivalently, nonsymmetric). Let c i , r i j be the unique integers fulfilling (1) . Then max(∆(S)) + 2 = c(S) if and only if either
• r 12 = r 13 = 1, r 21 + r 23 > c 2 and c 1 ≥ max{r 21 + r 23 , r 31 + r 32 }, or • c 3 = 2 and r 31 + r 32 ≥ max{c 1 , c 2 }, Example 3.10. Let us revisit once more Example 2.4, but now with n 1 = 3 and t = 2. In this setting S = 〈3, 3+ k, 3+ 2k〉. In light of [19, Theorem 7] , F(S) = 2k and g(S) = k + 1. As g(S) = (F(S) + 2)/2, S is pseudo-symmetric. Also all generators of S are relatively prime, and thus S has three Betti elements. It is not difficult to see that c 1 = 2+k, and c 2 = c 3 = 2.
